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Dual problem to flows

For S subseteqV

cutleftSrightsum_leftuvrightinECleftuvright

total capacity crossing from S to VbackslashS
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IHistoricalcontexty

Flows cuts first formulated in classified

report 1954 modeling Soviet network

cut

Harris Ross were interested in disrupting My

Declassified by Schriver 05 Git
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Claim for any G V E C S t EV
Titive

S t maxflow S t mincut

strong maxflow mincut theorem

Sanity check if no s t path both 0

Weak maxflow mincut theorem

s t maxflow s t mincut

Proof Flow must get from S to V15
Contains 5 contains t

It only has cut S to do so



More formally 2f s 2f v
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Residualgraphy Mian t.tt fenible
let un E E

If 04 finn can

Add un to Gt capacity Gun fin

vin to Gt caparity found

If fluid can

Only add backward eose

Vin to Gt capacity fear

If flung 0

Only add forward edge

un to G capacity fan
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Interestingly s cannot reach t



Proof of strong maxflow mincut

Plan 1 If s t path in Gt
not maxflow

2 If no s t path in Gt
2f s cut s
where S reachable from5

Proof 1 Every ease in Gf has

positive capacity

let P be s t path

w width P 70



We can create a bigger flow

fie
Fet w ee p

push w

flow alongP

te ee p

Still feasible by construction

still s t flow

Jf u Of V W w O

v4 S t if u partipales in P
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Proof 2 Suppose s can't reach t

let S reachable from S

5 no cases from5 VIS
Claim f S satisfy O
let ues.ve S

If wit EE fans can

or forward edge in Gt
If Vin EE similarly fun 0

Hence 2 f s cut S as



Flowalgospartvisection4SI
Genericalsos so far
Search explore Unexplored vertex

Shortest path relax tense ease

Flow push w wits alone
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MTflowG sit
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While P s t path in Gt

W width P

f f w along P

Return f



What path

loealanypath7
Toseallcapacities integers

Invariant all capacities in ft integers

This can always push WZI flow liter

Runtime analysis

let F maxflow value

F O MF
Fites

Effaning

path e.g BFS



Isthis polynomial

Suppose capacities CE 1,0
E

upperbound

F mV runtime O mu

But input length O m log u

pseudopolynomial

lloea2swidestps.tn

Timifmaxflowvalue F

Then widest path has w It
Proof sketch

key idea is flow decomposition into

paths Tirculations Jf v 0



Aside flow decomposition

Every S t flow can be delomposed into

flow bake
path ileqm S t paths xfi

One circulation partialfleftvright0 forall v

1partialfleftsright is integer then so are all fi

any St flow

valuepartialfleftsright

v t

xf1 xf2 xfm

Very useful for flow reductions



Thus some path can carry fracFm flow

Max width geqfracFmu as claimed

totalflow F

m paths

Every iter decreases C maxflow left1frac1mrightx
after mlos Fx iters

Maxflow leqleft1frac1mrightmlosleftFrightF

leqexpleftlogleftFrightrightFleq1
anypathworks



Runtime 0leftM2losleftFrightright weakly polynomial

The frontier

Best strongly polynomial Oleftmnright
King Rao Tarjan 94 Orlin 13

Best weakly polynomial Oleftm1oleft1rightloglefturightright
Chen Kyong Liu Peng Probst Gutenberg Sachdeva 122

Best pseudopolynomial widetildeOleftmsqrtmnleftFright34right
sidford Tian 18

widetildeO hide polytosch1


